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9.3. Root-Locus Analysis 
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1 2s s s φ≈ + ≈ + =  #*�J*KJ)
+ angle condition ��
)�,#L�O
 

 ( ) ( )1 2 180 2 1 ,  0,1,2,G s s s s k k= − − + − + = ± ° + = …  

 ( )3 180 2 1kφ≈ = ± ° +  
 ( )60 2 1 60 ,180 ,300kφ = ± ° + = ° ° °  

J�+)
+J�K��

*� 
J�+)
+J�K��

*�(L��+
�=
(N
�=JO�����J� asymptote (*#+*��+J)�$� )
+ characteristic equation (9.2)  

 ( )( ) 3 2
1 2 3 0s s s K s s+ + + = + + =�  

��G�� s  ���O
�
+��
)�P���
<��+
�J�K,#L�PXJ 

 ( )31 0s + =  
=�G� 1s = −  =�G� 1

a
σ = −  RH���PXJ)�#�J�+J)�$���� asymptote �*K��
�(*#+*J 

3. �$)
�<
)�# breakaway 
��
�
�
�	���
J��+
� characteristic equation MJ�YP 

 ( )1 0G s+ =  &#
��� ( ) ( )
( )

A s
G s K

B s
=  

#*�J*KJ)�,#L 
 ( ) ( ) ( ) 0f s B s KA s= + =  (9.5) 

&#
�*��,P��+
� ( ) 0f s =  )����
+RKN
+\(O���G����(N
�=JO���� 
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 ( )
0

df s

ds
=  

 ( ) ( ) ( ) 0
df s

B s KA s
ds

′ ′= + =  

 ( )
( )

B s
K

A s

′
= −

′
 

��J�O
 K ��MJ��+
���� (9.5) )�,#L 

 ( ) ( ) ( )
( )

( ) 0
B s

f s B s A s
A s

′
= − =

′
 

 ( ) ( ) ( ) ( ) 0B s A s B s A s′ ′− =  (9.6) 
=�G���
�
))���L
���+
� (9.6) )
++
�=
 derivative ��� ( ) ( )K B s A s= −  RH��,#L)
+��+
� (9.5) 

 ( )
( )

( ) ( ) ( ) ( )
( )2

0
B s B s A s B s A sdK d

ds ds A s A s

′ ′  −
= − = =  

 
 

�N
=�*�MJ���J�K 

 ( )
( )( )

1 1 0
1 2

K
G s

s s s
+ = + =

+ +
 

��
)�,#L 3 23 2K s s s= − − −  

 23 6 2 0
dK

s s
ds

= − − − =  

��
)�,#L�
+�����+
�#*�+�O
��PXJ 0.42, 1.58s = − −  
RH����#��L��+*��+J (RH��=
,#L)
+ magnitude condition) 0.38, 0.38K = −  (
��N
#*� 
�JG���)
+ 1.58s = −  ,�O�
YO�J root locus  #*�J*KJ)�# breakaway point )H��
YO���(N
�=JO� 0.42s = −  

4. �$)
�<
(N
�=JO���� root locus (*#+*��+J)$J(�
� 
)
+ characteristic equation MJ��+
� (9.2)  )�,#L 

 3 23 2 0s s s K+ + + =  
��
��J�O
 s jω=  

 ( ) ( ) ( )3 2
3 2 0j j j Kω ω ω+ + + =  

 3 23 2 0j j Kω ω ω− − + + =  
 ( ) ( )2 3

3 2 0K jω ω ω− + − =  

&#
+
��+L��+
��O�J)$J(�
���
)�,#L 2 6Kω = ± ⇒ =   

9.3.3. �'P�&
��
5 root locus 85
� ��Q" 

�N
=�*����������#�&#
 block diagram (O�,PJ�K 
( )R s

( )G s
( )C s

( )H s
 

RH���� characteristic equation �G� 1 0GH+ =  

=�G� ( )( ) ( )
( ) ( ) ( )

1 2

1 2

1
m

n

K s z s z s z

s p s p s p

+ + +
+

+ + +

�

�
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1. �
�(N
�=JO����&�����R�&�������� open loop G(s)H(s) �J complex plane 
��LJ�
��#$J��� root locus )���$��(LJ��� &��������� open loop ����$��,P�YOR�&�������� open loop =�G��$��

,P�YO�J*J(- 
2. =
 root locus �J�+J)�$� 
��
,�O(L���$)
�<
&�����R�&�����PXJ complex conjugate (,�O,#L�
YO�J�+J)�$�)  	L
)N
J�J������&�����R�&�

�
�#L
J��
���)�#�#����PXJ������ )�#J*KJ�
��
YO�J root locus 
3. =
��LJ asymptote ��� root locus 

��������LJ asymptotes = ( )180 2 1k

n m

° +
±

−
 

)�#(*#�+J)�$������LJ asymptote, ( ) ( )1 2 1 2n m

a

p p p z z z

n m
σ

+ + + − + + +
= −

−

� �  

4. =
)�# breakaway ���)�# break-in 

=
)N
J�J)�$� s  ����+J K  ����N
M=L 0
dK

ds
=  

5. =
 angle of departure ��� angle of arrival 

 Angle of departure = 180 - angle from other poles angle from other zeros+∑ ∑  
 Angle of arrival = 180 - angle from other zeros angle from other poles+∑ ∑  

(*��
O
��'OJ MJ�YP�L
��O
�J�K&���������+���L�� )��� ( )1 2
angle of departure = 180 θ θ φ° − + +  

φ

2θ

1
θ

 
6. =
)�#��� root locus �
)(*#+*��+J)$J(�
� 
&#
+
�M=L s jω=  ��L��+L��+
�=
 K  ��� ω  

! ��
<
�   )��
# root locus ������������#�&#
 block diagram (O�,PJ�K ��G���O
�+J K  �P�)
+ 0 →∞  

( )R s ( )C s( )
2

2

2 3

K s

s s

+

+ +

 
 

9.4. &
��
5 Root Locus 5S�
8"��&�� Matlab 

MJ���J�K��
)����
J�YP+
��
#�YP root locus #L�
&P��+�� Matlab RH���
�
�	,#L��LJ root locus �����OJ
N
���
��#��\�+�O
+
��N
J�<#L�
�G��
+ 

&P��+�� Matlab )�M'L�YP������ characteristic equation �PXJ 
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 num
1 0

den
K+ =  

&#
��� num �PXJ polynomial ����!I ��� den �PXJ polynomial ����O�J  ��
�
�
�	M'L�N
�*�� 
rlocus(num,den) 

�'OJMJ(*��
O
���� O
J�
��
�
�
�	���)����
J&P��+��,#L#*�(O�,PJ�K 

( )R s ( )C s( )
2

2

2 3

K s

s s

+

+ +

 
num = [1 2]; 

den = [1 2 3]; 
rlocus(num,den); 

-4.5 -4 -3.5 -3 -2.5 -2 -1.5 -1 -0.5 0
-2

-1.5

-1

-0.5

0

0.5

1

1.5

2
Root Locus

Real Axis

Im
a
g
in

a
ry

 A
x
is

 

9.5. &
���&�������������5S�
 Root Locus 

��
�
�
�	M'L root locus MJ+
�'O�
��+������������� M=L��(N
�=JO����&������������������� closed 
loop (
������
(L��+
�,#L &#
�
)�N
,#L&#
+
���G�+�O
�+J=�G�+
��
�(N
�=JO����&�����R�&�(
�(N
�=JO�(O
�a M=L
�=�
��� ��
)�M'L(*��
O
�(O�,PJ�KMJ+
���#�M=L�=\J�$%�+
�M'L root locus MJ+
���+������������� 

 
! ��
<
�  )���+�������������#*��YP(O�,PJ�KM=L���O
 damping ratio ��� dominant poles 0.5ζ =  

( )R s ( )C s

( )2 4 5

K

s s s+ +

 
MJ+�<�J�K�PXJ+
���G�+�O
�+J K ��O
J*KJ ,�O)N
�PXJ(L����+
���G�+(N
�=JO�+
��
�&�����R�&���$���($� &#
�O
�+J 

K )�(L����#��L��+*� characteristic equation RH��MJ���J�K�G� 

 
( )2

1 0
4 5

K

s s s
+ =

+ +
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num = [1]; 

den =[1 4 5 0]; 
rlocus(num,den); 

Root Locus

Real Axis

Im
a
g
in

a
ry

 A
x
is

-4.5 -4 -3.5 -3 -2.5 -2 -1.5 -1 -0.5 0 0.5
-2.5

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

2.5

System: sys
Gain: 4.28

Pole: -0.625 + 1.08i
Damping: 0.501

Overshoot (%): 16.2
Frequency (rad/sec): 1.25

60 deg

 
RH��)
++�
]���,#L)
+&P��+�� Matlab ��
�
�
�	��G��J cursor #Y(
�+�
] RH��)��=\J�O
����O
�+J K P���
< 

4.26 )��N
M=L,#L damping ration ��O
+*� 0.5 
	L
,�OM'L&P��+�� Matlab ��
�
�
�	�N
J�<#L�
�G�,#L �JG���)
+ cos 60 0.5ζ = ° =   #*�J*KJ (N
�=JO�&�����

���� closed loop )��
YO�J��LJ����N
��� ±60° +*��+J)�$��� RH����
���
J(N
�=JO����&��J�K,#L�PXJ 
 ( ) ( ) ( )cos 60 sin 60 1/ 2 3 / 2 1 3s a j a j b j= ± = ± = ±  

&#
��� b �PXJ(*��P����(L��+
�=
   �JG���)
+����J�K�� characteristic equation �G� 

 
( )2

1 0
4 5

K

s s s
+ =

+ +
 

 3 24 5 0s s s K+ + + =  
��J�O
 ( )1 3s b j= +  )�,#L 

 ( ) ( ) ( )3 2
3 21 3 4 1 3 5 1 3 0b j b j b j K+ + + + + + =  

 ( ) ( ) ( ) ( ) ( )( ) ( )( ) ( )( ) ( )2 3 223 21 3 1 3 3 1 3 3 4 1 2 1 3 3 5 1 3 0b j j j b j j b j K+ + + + + + + + + =  

 ( ) ( ) ( )3 21 9 3 3 3 3 4 1 2 3 3 5 1 3 0b j j b j b j K− + − + + − + + + =  

 ( ) ( )3 2 28 8 5 8 3 5 3 0b b b K j b b− − − + + + =  

���
�)N
J�J)�$����)N
J�J)$J(�
���O
+*�!YJ
-,#L 
 ( )3 2

8 8 5 0b b b K− − − + =  

 28 3 5 3 0b b+ =  
)�,#L 

 5 / 8 0.625b = − = −  
RH��)�,#L ( ) ( ) ( )3 23 28 8 5 8 0.625 8 0.625 5 0.625 4.297K b b b= + + = − + − + − =   
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! ��
<
�   )���+��������������N
=�*����������#�#L�
 block diagram (O�,PJ�K  ��G��M=L������(N
�=JO���� 
dominant closed loop poles ��� 2 2 3s j= − ±  

( )c
G s

( )
5

0.5 1s s +

 
MJ&P��+�� Matlab )������G����G��N
=�*�'O�
MJ+
���+������������� ���'O�
M=L+
���+����N
,#L�O

�HKJ 

&#
���
+�N
�*�� sisotool &#
��
)�+N
=J# plant MJ Matlab 'G�� sys &#
M'L�N
�*��(O�,PJ�K 
 

num=[5]; 
den=[0.5 1 0]; 
sys=tf(num,den); 
 

)
+J*KJ��
)�+N
=J# plant M=L+*� sisotool &#
��G�+ File->Importf  )��Pt#=JL
(O
� Import System Data M=L
+N
=J# Plant ��������PXJ sys #*���#�MJ�
� 

 
��G��+N
=J# plant ���������L� &P��+��)���#� root locus �������������#*���#�MJ�YP(O�,PJ�K RH���PXJ 

root locus ��G�������������PXJ proportional controller RH���� transfer function �PXJ  

 ( )c
G s K=  
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MJ=JL
(O
�J�K��
�
�
�	��$��&�����R�&�,#L RH������)��
# root locus M=�OM=L�*J��RH���N
M=L����
���#�+MJ+
�
��+��� controller ��G��M=L,#L(N
�=JO����&�� closed loop (
������
(L��+
� 

�JG���)
+��
(L��+
�M=L&��������� closed loop �
YOMJ(N
�=JO� 2 2 3 2 3.46s j j= − ± = − ±  (#*���#�#L�

�Y+!�MJ�
�) #*�J*KJ��
(L����+�����������������
�
�	#H�&���
���(N
�=JO�#*�+�O
�,#L  RH��MJ�<�J�K���(N
�=JO�
#*�+�O
����������PXJ 

 ( ) ( )
( )
angle from zeros angle from poles

0 120 90 210

GH = −

= − °+ ° = − °

∑ ∑  

#*���#�MJ�
�(O�,PJ�K 

 
�N
M=L��
(L��+
� controller RH���
�
�	M=L�����$����+ 30° ���(N
�=JO�&��J*KJ��G��M=L,#L���������(N
�=JO�J*KJ�PXJ -

180° ( 210 30− °+ ° ) ��G��M=L��#��L��+*� angle condition 
Controller #1 ��
�
�
�	M'L PD controller RH���� transfer function ��� controller �PXJ 

(N
�=JO����&�� 
closed loop ���(L��+
� 
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 ( )c p d
G s K K s= +  =�G� ( ) ( )1

c p d
G s K T s= +  

RH��)��=\J,#L�O
 PD controller )�M=LR�&���$����+=JH��(*� RH����
�
�
�	��G�+(N
�=JO����R�&�J*KJ ��G��M=L��� 30 ��!
)
+R�&�
�����$����L
,P#*���#�MJ�YP(O�,PJ�K 
 

 
 

Lead-Lag Compensotor 

Lead-lag compensator ��,�L�N
=�*�MJ+
���$��=�G��#���MJ angle condition ����������RH���� �M=L������
�J�+
��#$J��� root locus �P���
J�P��,P(
������
(L��+
�,#L  Transfer function ��� lead-lag compensation �PXJ
#*�(O�,PJ�K 

 
c

s a
G K

s b

+
=

+
 

Lead compensator )����O
 a < b RH���N
M=L��� ���)
+&��JL�
+�O
���)
+R�&� (φ  < θ)  RH���N
M=L��$�����M=L+*�
������O
+*� (φ - θ) #*��YP 

30 deg 
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Im

Reox
-a-b

s (test point)

 
�O�J Lag compenstor )��#��� )����O
 a > b RH���N
M=L��� ���)
+&���
++�O
���)
+R�&� (φ  > θ)  RH���N
M=L�#

���M=L+*�������O
+*� (θ - φ) #*��YP 
Im

Rexo
-a-b

s (test point)

 
 

Controller #2 =�G���
�
�
�	M'L lead compensator RH���
YOMJ�YP]��-� 

 
c

s a
G K

s b

+
=

+
 &#
��� a b>  

MJ+
�M=L��� 30 ��!
)
+R�&����&�������$����L
,P#*���#�MJ�YP 
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! ��
<
�   )���+��������������N
=�*����������#�#L�
 block diagram (O�,PJ�K  ��G��M=L������(N
�=JO���� 
dominant closed loop poles ��� 1s j= − ±  

( )c
G s

2

1

s

 
�'OJ�#$���
)�M'L�N
�*�� sisotool MJ+
�'O�
��+��� &#
��
)�+N
=J# plant MJ Matlab 'G�� sys &#
M'L�N
�*��

(O�,PJ�K 
num=[1]; 
den=[1 0 0]; 
sys=tf(num,den); 

	L
M'L proportional controller ���� closed loop )���&������PXJ)N
J�J)$J(�
� ()N
J�J)�$��PXJ!YJ
-) RH��
=�

��
��O
����)��+�O�,�O������$KJ��# RH��,�O�PXJ���(L��+
� #*�J*KJ��
)H�(L��M'L controller 'J$#�G�JMJ+
�#H�(N
�=JO�
&���

*�(N
�=JO������
(L��+
� 

30 deg 
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�JG���)
+��
(L��+
�M=L&��������� closed loop �
YOMJ(N
�=JO� 1s j= − ±  #*�J*KJ��
(L����+�������

����������
�
�	#H�&���
���(N
�=JO�#*�+�O
�,#L  ���(N
�=JO�#*�+�O
����������PXJ 

 135 135 270− °− ° = − °  
�N
M=L��
(L��+
� controller RH���
�
�	M=L�����$����+ 90° ��G���N
M=L���������(N
�=JO�&�����(L��+
��PXJ -180° 

( 270 90− °+ ° ) RH����#��L��+*� angle condition 

Controller #1 ��
�
�
�	M'L PD controller MJ+
�M=L��� 30° )
+R�&������$����L
,P#*���#�MJ�YP 
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Controller #2 =�G���
�
)M'L lead compenstor MJ+
�M=L�����$����+ 90° +\,#L#*���#�MJ�YP 

 

90 deg 

90 deg 


