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����� 2 ��	
��
������ (Laplace Transformation) 
 !"#$�	%�
&' 

A�B������C������	
��
������ ��5A3B���D�E���C�F
�G�C���D�E��2�G�
��3�	H 
1. AI�5CJK
����CI�
��LL�1����M�4C�N4G��5�	�J 
�2��3�	H4�������I�
JK
����C��
��O����G 
2. 
��
������5G�C������5N�G���� Partial-fraction Expansion ��G 
3. 
�G�3��	A��
�CT��C����5N�G������	
��
��������G 

 
��	
��
������A�UC�BFCV�C01������	�����M�0�L����T��M�4	����	A	�5CNC������	0��0T3����C3���C�F ��3�	H

CM���N�G�	2�5�C��O�
W ��G3�53�5A�OC �O�5NC 

• ��	AI�5C
���M���
01������	�I�
	2��NC	X�
��I�
���
�	������ 

• ��	
�G�3��	A��
�CT��C��A�B��N4GAIG�N��Y���		3I�
	2�� �O���C�T�	X�
���O�
W 

• ��	���
��	2��0��0T3 A�UC�GC 

2.1. *+�, ,-./
012, (complex number) 

 1j = −  ⇒ 2
1j = −  ⇒ 3j j= −  ⇒ 4

1j =  
����	1��M�C�CA��
ZG�C z x jy= +  A	�A	�5� x �O�A�UC�O�C�M�C�C�	�
 (real) 
�2 y A�UC�O�C�M�C�C��C�]�� 

(imaginary) 
�M�C�CA��
ZG�C��3�	H����2
�C�G�5A��A��	�NC complex plane ��G��
	X���� 2.1 

 
	6���� 2.1  7�8
�9
:,�9
�%;$;:2
*+�, ,-./
012,<, complex plane 

IC��4	B� magnitude I�
 z AI�5C
�C�G�5��L���E1� 2 2
z x y= +  

3T34	B� angle I�
 z AI�5C
�C�G�5��L���E1� 1
tan

y
z

x
θ −∠ = =  

Complex conjugate I�
 z AI�5C
�C�G�5��L���E1� z x jy= −  (����A0	B��
43�5I�
�O�C��C�]��) 

2.1.1. Euler>s Theorem 

 cos sin
je jθ θ θ= +  (2.1) 

�3��	C�F��3�	H���X�C���G��5��	N�G Taylor Series ��
�O���C�F 

 ( ) ( ) ( )2 4 62 4 6

cos 1 1
2! 4! 6! 2! 4! 6!

j j jθ θ θθ θ θ
θ = − + − + = + + + +� �  
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 ( ) ( ) ( )3 5 73 5 7
1

sin
3! 5! 7! 3! 5! 7!

j j j
j

j

θ θ θθ θ θ
θ θ θ

 
= − + − + = + + + + 

  
� �  

 ( ) ( ) ( ) ( )2 3 4 5

cos sin 1
2! 3! 4! 5!

j j j j
j j

θ θ θ θ
θ θ θ+ = + + + + + + +�  

ACB��
��� 

 
2 3

1
2! 3!

x x x
e x= + + + +�  

�2��G�O� 

 cos sin
je jθ θ θ= +   

 
���	X���� 2.1 �2A4cC�O� cosx z θ=  
�2 siny z θ=  
��
C�FCA	���3�	HAI�5C�M�C�CA��
ZG�CNC	X� 

 ( )
cos sin

cos sin

j

z x jy

z j z

z j

z e θ

θ θ

θ θ

= +

= +

= +

=

 

 

HG�
�C0O� θ �G�5 -θ �
NC�3��	 Euler A	��2��G�3��	NC���	X�4CD�
 
 ( ) ( ) ( )cos sin

j
e j

θ θ θ− = − + −  
 cos sin

je jθ θ θ− = −  (2.2) 
����3��	��� (2.1)  
�2 (2.2) A	���3�	HAI�5C sin 
�2 cosine NC	X�I�
�M�C�CA��
ZG�C��G��
C�F 

 cos
2

j j
e e

θ θ

θ
−+

=  

 sin
2

j j
e e

j

θ θ

θ
−−

=  

2.1.2. Complex Algebra 

��	� �: CM��M�C�C�	�
�������M�C�C�	�
 �M�C�C��C�]���������M�C�C��C�]�� A�OC 
 ( ) ( )2 1 3 3 2i i i+ + − = −  
��	�� : A43B�C�����	���0B� CM��M�C�C�	�
������M�C�C�	�
 �M�C�C��C�]��������M�C�C��C�]�� A�OC 
 ( ) ( )2 1 3 1 4i i i+ − − = +  
��	&6C : CM��T�A��33�0X1�I�G��C A�OC 
 ( )( )2 1 3 2 6 3 5 5i i i i i+ − = − + + = −  
��	D�	 : .N4GCM� complex conjugate I�
�O�C3�0X1��F
�C
�2�O�
 A�OC 

 ( )
( )

( )
( )

( )
( )

2 2 1 3 2 6 3 1 7

1 3 1 3 1 3 1 9 10

i i i i i i

i i i

+ + + + + − − +
= = =

− − + +
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2.2. ��	
��
������ (Laplace Transformation) 

�M�4C�N4G 

( )f t  A�UCJK
����CI�
A��� ZD�
 ( ) 0f t =  A3B�� 0t <  
s  A�UC���
�	A��
ZG�C (complex variable) 
L  A�UC��	
��
������ 

( )F s  0B�������I�
JK
����C ( )f t  
�G�5C�5�3IG�
�GC A	���3�	HAI�5C��G�O� 

 ( ) ( ) ( )
0

st
L f t F s f t e dt

∞
−= =   ∫  


�2NC��
������C A	��2C�5�3��	
��
������5G�C���� (inverse Laplace) ��GA�UC 

 ( ) ( )1L F s f t− =    

�O���C�F�2A�UC��	�����5��	
��
������I�
JK
����C�O�
W 

2.2.1. Unit Step Function 

 ( )
0  for  0

1  for  0

t
t

t

<
= 

>
1  

 

 ( )
0

1st
L t e dt

s

∞
−= =   ∫1  

2.2.2. Step Function 

 ( )
0  for  0

A  for  0

t
f t

t

<
= 

>
 

 [ ] A
L A

s
=  

2.2.3. Ramp Function 

 ( )
0  for  0

At  for  0

t
f t

t

<
= 

>
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 [ ]
0

st
L At A te dt

∞
−= ∫  

N�G��	 integration by parts 

 udv uv vdu= −∫ ∫  

��5N4G  u t du dt= ⇒ =  
�2 
st

st e
dv e dt v

s

−
−= ⇒ =

−
 

 0 0

st
st te

te dt
s

∞∞ −
− =

−∫
0

2 2

0

1

st

st

e

s

e

s s

∞ −

∞−

−
−

= − =

∫
 

��
C�FC [ ]
2

0

st A
L At A te dt

s

∞
−= =∫  

2.2.4. Exponential Function 

 ( )
0  for  0

  for  0
t

t
f t

Ae tα−

<
= 

>
 

 ( )

0 0

s tt t st A
L Ae Ae e dt A e dt

s

αα α

α

∞ ∞
− +− − −  = = =  +∫ ∫  

JK
����C�O���C�F�2�3O
��
������	4�
�G� ACB��
����3O�M�A�UC�G�
�M��������X�C�N4G��GNC��	A����N�G
�C�	�
 ����O�C3�

��
�������X�C�A��5
A�B���G�
��	
��
N4G	XG������	4��2��GAIG�N�0��3A�UC3�A�O�C�FC  
�O0�	����2�M�������I�
JK
����C
��F
4��5A4�O�C�FN4G��G A�	�2A�UC�O�C����2�G�
CM���N�G�O�����������C�F 

2.2.5. Sinusoidal Function 

 [ ]
2 2

sinL t
s

ω
ω

ω
=

+
 

 [ ]
2 2

cos
s

L t
s

ω
ω

=
+

 

2.2.6. Translated Function 

A�UCJK
����C���A�B��C����
I�� 4	B�����23�
�O�A�UCJK
����C���A	��3�GC�G� (delay) ���A��3��A�UCA��� α 
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 ( ) ( ) ( )sL f t t e F sαα α −− − =  1  

2.2.7. Pulse Function 

 ( ) 0 0

0

/   for  0

0  for  0 and 

A t t t
f t

t t t

< <
= 

< <
 

 
NC���C�F��
A���O� A 0B� �BFC���N�G�	�JI�
 pulse function ZD�
A	���3�	HAI�5C��GNCJ�	�3I�
 step function 3���

��C��
	X� 

( )
0

A
t

t
1 ( )0

0

A
t t

t
−1

 
 ( ) ( ) ( )( )0

0

A
f t t t t

t
= − −1 1  


��
�������2��G ( ) ( )0 0

0 0

1 1
1

st stA A
L f t e e

t s s st

− − = − = −     
 

2.2.8. Impulse Function 

Impulse function 0B� pulse function ���3�0T1�3����Ai��20B�3�0��3��G�
AIG�N��G�XC5� 
�20��3�X
AIG�N��G
�C�C�� 
�O5�
0
3��BFC���A�UC0O�0
��� A  AI�5C
�C�G�5��L���E1��X��	4����F
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0
A t → ∞

0
0t →

 

 

( ) ( )0

0

0

0

0
0

0

lim 1

lim

st

t

st

t

A
L f t e

st

se
A

s

A

−

→

−

→

= −  

=

=

 

2.2.9. Unit Impulse Function 

0B� impulse function ���3��BFC��� 1A =  3���L���E1���A�E0B� ( )tδ  ZD�
3�������0B� 

 ( ) 1L tδ =    

2.2.10. Multiplication of Function by Exponential 

 ( ) ( )tL e f t F sα α−  = +   

2.2.11. Differentiation 

 ( ) ( ) ( )0
d

L f t sF s f
dt

  = −  
 

 ( ) ( ) ( ) ( )
2

2

2
0 0

d
L f t s F s sf f

dt

 
= − − 

 
�  

 ( ) ( ) ( ) ( ) ( ) ( )11 2
0 0 0

n
nn n n

n

d
L f t s F s s f s f f

dt

−− − 
= − − − − 

 
� �  

2.2.12. Final Value Theorem 

 ( ) ( )
0

lim lim
t s

f t sF s
→∞ →

=  

2.2.13. Initial Value Theorem 

 ( ) ( )0 lim
s

f sF s
→∞

=  

( )f t  ( )F s  

Unit impulse ( )tδ  1 

Unit step ( )t1  1

s
 

t  2

1

s
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( )1, 2,3,
n

t n = …  
1

!
n

n

s
+  

at
e

−  
1

s a+
 

sin tω  2 2
s

ω
ω+

 

cos tω  2 2

s

s ω+
 

( )d
f t

dt
 ( ) ( )0sF s f−  

( )
2

2

d
f t

dt
 ( ) ( ) ( )2

0 0s F s sf f− − �  

( )
n

n

d
f t

dt
 ( ) ( ) ( ) ( ) ( )11 2

0 0 0
nn n n

s F s s f s f f
−− −− − − −� �  

( )at
e f t

−  ( )F s a+  

( ) ( )f t tα α− −1  ( )s
e F s

α−  
 
"! 2XY�
  �
4�������I�
JK
����C���
��
��5�	�J�O���C�F 

 
 /Z��+� 

ACB��
����	�JC�F��3�	H
5���GA�UC��	�3I�
�	�J�O���C�F 

( )b
t t

a
1 ( ) ( )b

t a t a
a

− −1

 
 ( ) ( ) ( ) ( )1 1

b b
f t t t t a t a

a a
= − − −  

 ( ) ( )2 2 2

1 1
1

as asb b b
F s e e

a s a s as

− −= − = −   

 
"! 2XY�
  �
4�������I�
JK
����C���
��
��5�	�J�O���C�F 
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 ( )
2

2 2

1
2

as as
b e b e

F s b
a s s a s

− −

= − −   

2.3. ��	
��
������X12,��!� (Inverse Laplace Transformation) 

��	
��
������5G�C����0B� ��	4�JK
����C ( )f t  ���A3B��
��
������
�G��2��GJK
����C ( )F s   ZD�
A	��2N�G
������	A�k���	�
������  4	B�HG�NC�	1�����3O�5XONC	X����A�k���	�
��G �c�2�G�
�M���	
��
JK
����CN4G�5XONC	X����A	�	XG�O�
��3�	HA�k���	�
��G�O�C 
�G��D
A�k���	�
  ZD�
��	����2
��
JK
����CC�F�2N�G��	
��
������N4G�5XONC	X�A�E�O�C5O�5 
4	B����A	�5��O� partial-fraction expansion 

2.3.1. Partial-fraction Expansion 

�KL4��O�C3���2�5XONC	X�I�
 

 ( ) ( )
( )

B s
F s

A s
=  

ZD�
 ( )A s  
�2 ( )B s  A�UC polynomials ZD�
NC�KL4���������C���I�
 ( )B s  �2CG�5��O�4	B�A�O����I�
 ( )A s  
A	���3�	H
5�����	2���I�
 ( )A s  
�2 ( )B s  ��GA�UC 

 ( ) ( )
( )

( ) ( ) ( )
( )( ) ( )

1 2

1 2

m

n

B s K s z s z s z
F s

A s s p s p s p

+ + +
= =

+ + +

�

�
 

ZD�
 
1 2
, , ,

n
p p p…  
�2 

1 2
, , ,

m
z z z…  �2A�UC�M�C�C�	�
4	B��M�C�CA��
ZG�C�c��G  A	�A	�5� 

1 2
, , ,

n
p p p− − −…  ZD�


A�UC	��I�
 polynomial ���4�	�O�A�UC��� (poles) 
�2A	�5� 
1 2
, , ,

m
z z z− − −…  ZD�
A�UC	��I�
 polynomial �����F
�O�

A�UCZ��	 (zeros) 
NC��	�M� partial-fraction expansion A	��2
5�����	1�A�UC 2 �	1�0B� 
�	C���� 1 ���I�
	2���3OZFM���C 
A	��2��3�	H
��
N4G�5XONC	X�J�	�3 

 ( ) ( )
( )

1 2

1 2

n

n

B s aa a
F s

A s s p s p s p
= = + + +

+ + +
�  

��5��� ( )1, 2, ,ka k n= …  A�UC0O�0
��� ZD�
��3�	H4���G
O�5��5N�GA�0C�0�O���C�F A�OC�33���O�A	��G�
��	4�0O� 
1

a  

 ( ) ( )
( )

( ) ( )2

1 1 1 1

2

n

n

B s aa
s p a s p s p

A s s p s p
+ = + + + + +

+ +
�  


�C0O� 
1

s p= −  �2��G 
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 ( ) ( )
( )

1

1 1

s p

B s
a s p

A s
=−

= +  

0O�0
��� 
2 3
, , ,

n
a a a…  �c��3�	H4�0O���GNC���E12A��5���CC�F 
ZD�
A3B��A	�
��
 inverse Laplace 
�G��2��G 

 ( ) ( ) 1 21

1 2
np tp t p t

n
f t L F s a e a e a e

−− −−= = + + +   �  
 

"! 2XY�
  �
4� inverse Laplace  I�
 ( )
2

3

3 2

s
F s

s s

+
=

+ +
 

 
 

 ( ) 2
2

t t
f t e e

− −= −   
 
NC�	1�������A�UC0XO complex conjugate A	��2�3O
5�����	2���I�
���0XOC�FC A�	�2�3OA�OCC�FCA3B��A	�
��
 

inverse Laplace 
�G�A	��2��GJK
����C exponential I�
�M�C�CA��
ZG�C  ��F
C�FCA�B��N4G��G0M����A�UC�M�C�C�	�
 A	��D
���
����	2���I�
���0XOC�FCN4G�5XONC	X�I�
�3��	 quadratic ZD�
�M�N4GA3B��
��
 inverse Laplace 
�G��2��GJK
����C 
sinusoidal I�
�M�C�C�	�
 
 

"! 2XY�
  �
4� inverse Laplace  I�
 ( )
2

2 12

2 5

s
F s

s s

+
=

+ +
 

 
 

 ( ) 2 cos 2 5 sin 2
t t

f t e t e t
− −= +   

 

"! 2XY�
  �
4� inverse Laplace  I�
 ( )
( )2

1

2 2
F s

s s s
=

+ +
 

 
 

 ( ) ( )1
1 sin cos

2

t t
f t e t e t

− −= − −   

 
�	C���� 2 ���I�
	2��ZFM���C 
NC�	1�C�FA	��2
��
������	4� inverse Laplace ��5N�G����5O�
NC��	�����5 
 

"! 2XY�
  �
4� inverse Laplace  I�
 ( )
( )

2

3

2 3

1

s s
F s

s

+ +
=

+
 

 ( )
( ) ( )

3 2 1

3 2
11 1

b b b
F s

ss s
= + +

++ +
 

��
0X1��F
��
IG�
�G�5 ( )3

1s +  �2��G 
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 ( ) ( ) ( ) ( )3 2

3 2 1
1 1 1s F s b b s b s+ = + + + +  (2.3) 


�C0O� 1s = −  �2��G 

 ( ) ( )3

3
1

1
s

b s F s
=−

 = +   

Differentiate ��F
��
IG�
I�
�3��	 (2.3) A��5�������
�	 s �2��G 

 ( ) ( ) ( )3

2 1
1 2 1

d
s F s b b s

ds
 + = + +   (2.4) 

A�OCA��3 
�C0O� 
�C0O� 1s = −  �2��G 

 ( ) ( )3

2
1

1
s

d
b s F s

ds =−

 = +   

Differentiate ��F
��
IG�
I�
�3��	 (2.4) A��5�������
�	 s �2��G 

 ( ) ( )
2

3

12
1 2

d
s F s b

ds
 + =   

A�OCA��3 
�C0O� 
�C0O� 1s = −  �2��G 

 ( ) ( )
2

3

1 2
1

2 1
s

d
b s F s

ds =−

 = +   

4	B� ( ) ( )
2

3

1 2
1

1
1

2! s

d
b s F s

ds =−

 = +   (Factorial N�O��GA�B��N4GN�G��G�T��	1�) 

����3��	IG�
�GCA	���3�	H4�0O� 
3 2 1
, ,b b b  ��G��
�O���C�F 

 

( ) ( )3

3
1

2

1

1

2 3

2

s

s
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 ( ) 5 3 4
t

f t t e
−= − +   

2.4. ��	
�1 Linear Time-Invariant Differential Equations 91 X Laplace 

3�I�FC��C��
�O���C�F 
1. 
��
������ �2�M�N4G�3��	 differential ���5A�UC�3��	 algebraic 
2. ���N4G�3��	�5XONC	X�I�
 dependent variable ���A�UCJK
����CI�
���
�	 s 
3. 
��
������5G�C���� 
 

"! 2XY�
  �

�G4���Ai�5I�
�3��	A��
�CT��C�� 
 ( ) ( )2 5 3, 0 0, 0 0x x x x x+ + = = =�� � �  
 
 

 ( ) 3 1
1 cos 2 sin 2

5 2

t t
x t e t e t

− − = − − 
 

  


